Relativistic effects in the thermodynamical properties of interacting particle systems are investigated within the framework of the relativistic direct interaction theory in various forms of dynamics. In the front form of relativistic dynamics an exactly solvable model of a one-dimensional hard spheres gas is formulated and an equation of state and thermodynamical potentials for such a gas are found. Weakly-relativistic corrections to the thermodynamical functions of the dilute gas with short-range interactions are discussed on the basis of the approximately relativistic Hamiltonian function in the instant form of dynamics.
Introduction
The present status of the relativistic direct interaction theory [1, 2, 3, 4] enables us to consider it as a natural basis for a consistent description of relativistic effects in various physical systems on different levels: classical, quantum, or statistical ones. The relativistic statistical mechanics of interacting particle systems is nowadays at an early stage of its development, although the classical partition function of a relativistic ideal gas was calculated by Jüttner in 1911. One cause of this was indicated in report [5] . Ter Haar and Wergeland wrote: "At extremely high temperatures relativistic effects may, of course, be important. Then, however, matter behaves as a mixture of ideal gases and this limiting case poses no problem. By and large, a relativistic theory of heat seems, therefore, to be of little practical importance". But the 'practical importance', being a very nonsmooth function on historical time, cannot be considered as the main reason for theoretical investigation.
Among various approaches to the relativistic direct interaction theory the singletime Lagrangian formalism [1, 6, 7] seems to be the most convenient in the consideration of the general problem of relativistic dynamics, as well as in the investigation of various approximations. This formalism has been extended to an arbitrary form of relativistic dynamics defined geometrically by means of space-like foliations of the Minkowski space [8, 9] . Transition from the classical Lagrangian to the Hamiltonian description allows one to consider the relativistic effects in the statistical and quantum mechanical properties of the particle systems.
The present paper is concerned with relativistic models of the equilibrium statistical mechanics. In Sec. 2, a brief introduction into the concept of the form of relativistic dynamics is presented. Investigation of a classical and quantum relativistic ideal gas by means of the front form of dynamics is outlined in Sec. 3 . Relativistic generalization of a one-dimensional gas of hard spheres is obtained in Sec. 4 . This gives an example of an exactly solvable model in the relativistic statistical mechanics with a nontrivial particle interaction. Sec. 5 is devoted to the investigation of the first quasirelativistic (post-Newtonian) approximation. In the instant form of dynamics the weakly-relativistic corrections to the thermodynamical functions of the dilute gas with short-range interactions are studied on the basis of the general structure, to the order c −2 , of the approximately relativistic Hamiltonian. As an example, the relativistic correction to the Van der Waals equation to the order c −2 is obtained.
2 Forms of relativistic dynamics in the Lagrangian description of an interacting particle system
Let us consider a dynamical system consisting of N interacting point particles. It is convenient to describe the evolution of this system in the (n + 1)-dimensional Minkowski space M n+1 with coordinates x µ , µ = 0, 1, . . . , n. We use the metric η µν = diag(1, −1, · · · , −1 n ). In applications we put n = 3 or n = 1. The motion of the particles is described by the world lines
being time-like one-dimensional unbounded submanifolds of the Minkowski space. The relativistic freedom in the simultaneity definition makes possible different three-dimensional descriptions of the relativistic particle motions. According to Dirac [10, 11] , they are called the forms of relativistic dynamics. Within the framework of the single-time Lagrangian or Hamiltonian mechanics this concept may be introduced in the following way [8, 7] . Let us consider foliation Σ of the Minkowski space M n+1 by the hypersurfaces with the next property: every hypersurface Σ t = {x ∈ M n+1 | σ(x) = t} must intersect the world lines γ a of all the particles in one and only one point
This allows us to consider t as an evolution parameter of the system [8, 11] . In the Poincaré-invariant theory, when we consider only time-like world lines, the hypersurfaces (2.2) must be space-like or isotropic:
where ∂ µ = ∂/∂x µ . Then, we have ∂ 0 σ > 0, and the hypersurface equation (2.2) has the solution x 0 = ϕ(t, x), where x = (x i ), i = 1, . . . , n. Therefore, the constraint x a (t) ∈ Σ t enables us to determine the zeroth component of x a (t) in terms of t and x i a (t). The parametric equations (2.1) of the world lines of the particles in the given form of dynamics have the form:
The evolution of the system is determined by nN functions t → x i a (t). They may be considered as representatives for the sections s : R → F, t → (t, x i a (t)) of the trivial fibre bundle π : F → R with nN-dimensional fibre space E = R nN . The latter constitutes the configuration space of our system. Three Dirac's forms of relativistic dynamics correspond to the following hypersurfaces (2.2):
(point form). Other examples for the case n = 3 may be found in [8] .
In the relativistic Lagrangian mechanics the Lagrangian function L : J ∞ π → R is defined on the infinite order jet space of the fibre bundle π : F → R with the standard coordinates x i(s) a [12] . The values of these coordinates for the section s : t → (t, x i a (t)) belonging to the corresponding equivalence class from
. .. The free-particle system is determined in any form of dynamics by the Lagrangian L f : J 1 π → R depending on the first derivatives:
m a being a rest mass of the particle. In the front form of dynamics it reads:
In the general case the Poincaré-invariance conditions forbid the existence of interaction Lagrangians which are defined on the jet-space J r π with some finite r (for example, with r = 1). This leads to serious difficulties in physical interpretation of the formalism, and, in fact, makes it impossible to obtain a closed form of the corresponding Hamiltonian functions which is necessary for the development of the classical statistical mechanics [1, 7, 8] . This fact is the Lagrangian counterpart of the famous no-interaction theorem in the Hamiltonian relativistic mechanics [13] .
There are at least two possibilities to avoid this difficulty. The first is offered by the front form of dynamics in the two-dimensional Minkowski space. In this case there exists a wide class of interaction Lagrangians depending on the first order derivatives [14] . This allows us to obtain corresponding Hamiltonian functions by the standard Legendre transformation that preserves the physical meaning of the position canonical coordinates. The second consists in the consideration of the approximation in c −2 [1, 9, 15] . At least in the first order approximation we may obtain the usual Lagrangian functions depending on the first order derivatives [1] . Examples of using these possibilities in the investigation of relativistic effects in models of the equilibrium statistical mechanics will be considered in the next sections.
3 Relativistic ideal gas within the framework of the front form of dynamics
As an illustrative example we shall consider here a description of the relativistic ideal gas by means of the front form of dynamics. The Hamiltonian function of the free N-particle system has the form:
with
This Hamiltonian can be obtained from the Lagrangian (2.7) by the usual Legendre application.
The n-dimensional coordinates x a cover the given region Ω ⊂ R n with vol(Ω) = V , and p a belongs to the region Π = {p a = (p a1 , . . . , p an ) ∈ R n | p an > 0}.As it is well known, all the information about thermodynamical properties of the system is contained in the expression for the canonical partition function [16] :
where, as usual, β = (kT ) −1 and the integration is performed over the phase space P. In our case P = Ω N × Π N .Inserting (3.1) into Eq. (3.3) we obtain
where
Substitution of the front form Hamiltonian (3.2) immediately yields
βc pn+ m 2 c 2 pn
Performing integration over p k and putting p n = mcα we have
Using the integral representation of the Hankel function
we obtain
When n = 3, Eqs. (3.4) and (3.9) give well-known Jüttner's result: 10) which is usually derived by means of the instant form Hamiltonian:
Using the asymptotical expansion
we can obtain a weakly-relativistic correction to the nonrelativistic result:
14)
The necessity for (rather trivial) renormalization of the nonrelativistic partition function
N e −βN mc 2 follows from the presence of the rest energy mc 2 in the relativistic Hamiltonians (3.2) or (3.11).
The obtained expressions can be useful for the treatment of the quantum relativistic ideal gas with generalized statistics of arbitrary order q. In this case it is convenient to consider the grand partition function
where H and N represent the operators of energy and of particle number, respectively, and µ denotes chemical potential [16] .
Assuming that the maximum value of the occupation number in a given energy state can be q, any integer greater than 1, and acting in a manner quite similar to the nonrelativistic case (cf., for example, [17] ), we obtain:
Here g denotes degeneracy of the energy state with a given value of momentum p.
For structureless particles with the spin σ we have g = 2σ + 1.
Of course, care is needed in the replacement of the summation by the integration over the momentum states, when q ∼ N, and, especially, if q → ∞ (that corresponds to the Bose-Einstein statistics). But this problem, connected with the Bose condensation, is essential at a low temperature, β −1 << mc 2 , when relativistic correction seems to be negligible. Then the standard thermodynamical relations lead to the following expression for the pressure:
is the fugacity. The number density
is given by (3.20) and the inner energy density u = U/V is found to be
Expanding the exponential functions into the series and using the denotation
where z is defined by Eq. (3.5), we have
Keeping only the terms up to the second order in the density 1/v, we obtain an equation of state of the form:
Similarly, for the energy density with the same accuracy we have
Making use of the explicit expression for the φ function from (3.9) and (3.22), we may find a relativistic equation of state at a high temperature up to the first order in the degeneracy parameter
The equation is found to be
Because F (x) → 1 as x → ∞, Eq. (3.29) agrees with the known nonrelativistic results [16] . In a similar manner we may write relativistic virial expansions for other thermodynamical functions of the quantum ideal gas, especially for the inner energy and specific heat.
Relativistic one-dimensional model of the hard spheres gas
In the two-dimensional space-time M 2 , the front form of dynamics serves a wide class of nontrivial interaction Hamiltonians in terms of the covariant canonical coordinates.
The general form of a Hamiltonian function for a system of N identical particles on the line I = {x ∈ R | 0 < x < A} described by the canonical coordinates x a and momenta p a within the framework of the front form of dynamics is given by [10] :
r ab ≡ x a − x b , and V is an arbitrary function on the indicated arguments. In this section we put c = 1. From the definition of the front form of dynamics it follows that momenta p a belong to the positive semiaxis R + = {x ∈ R | x > 0}:
For the convenience of the comparison with the corresponding nonrelativistic calculations we assume that function V has the form:
and ν : R + → R + is some function which will be defined later. Let us again consider the canonical partition function
a dx a dp a , (4.6) over the phase space P = I N × R N + . Since we are interested in the relativistic generalization of the hard spheres model, we can choose interaction function (4.4) in the form
We, therefore, find
If we choose function ν(x) in such a way that for any a, b, c if |q ab | > σ and |q bc | > σ, then |q ac | > σ, (4.9) the partition function (4.6) can be written in the form:
where dµ(p) = e −βH 0 (p) dp (4.11) and coordinates x a must satisfy the restrictions
Conditions (4.9) lead to the inequality
In the following we shall choose the simplest solution of (4.13) which has the form u(x) = C(x + 2), (4.14)
such that
Because in the nonrelativistic limit p a → m, the demand that q ab → r ab in this limit fixes the value of the constant C:
Therefore, partition function (4.10) may be rewritten in the form:
The appearance of Heaviside θ functions is a consequence of conditions (4.12). Let us perform in (4.17) a change of the variables (x a , p a ) → (y a , p a ), such that the arguments of θ functions become y a+1 − y a . This gives
where 19) and
As a consequence, we obtain
Before performing an integration over momenta we consider the Laplace transformation of (4.21)
Using expressions (4.11) and (4.19), (4.20) we find
where Next, we consider the grand partition function
The summation over N is performed immediately giving
The asymptotic behaviour of function Z(β, A) is determined by the singularity points of function (4.27) which lie on the real axis for variable s. In our case there exists only one such a point, s ′ , that is the solution to the equation
Specifically, we have for the pressure P = β −1 s ′ [18] . Using (4.24) and (3.18) we obtain an expression for the chemical potential in terms of β and P :
The standard thermodynamical relation [16] dµ = −sdT + vdP, (4.31) wheres = S/N and v = A/N , allows one to obtain the equation of state
It is convenient to represent this equation in the form:
it follows that 0 < δ(β, P ) < 1. (4.36)
In the nonrelativistic approximation, when βm → ∞, M → m, the asymptotical expression (3.11) shows that δ → 1, and we obtain a well-known Tonks equation [19] 
In the ultrarelativistic limit, when βm → 0, we have δ → 0 and arrive at the state equation of the ideal gas. In the case of small σ (that corresponds to the linear approximation in the interaction) we can replace function δ(β, P ) by its value δ 0 (β) at σ → 0:
This quantity gets an interesting interpretation after accounting that the mean value of p n over the free-particle distribution defined by the Hamiltonian (4.2) is given by 
(4.40)
Then inequality (4.35) shows that the condition of thermodynamical stability
is valid for equation (4.32) identically. Thus, the system does not have any phase transition.
In a similar manner we may obtain explicit expressions for other thermodynamical functions. For example, for entropy we havẽ
the energy density is determined bỹ
Specific heat c P can be directly obtained from (4.42) giving
Therefore, we have an exactly solvable example of a nontrivial particle interaction in the relativistic statistical mechanics.
5 Weakly-relativistic corrections to the thermodynamics of an interacting particle system
Here we shall consider a system of N point-like particles with pairwise interactions at the first post-Newtonian approximation. Let the nonrelativistic interaction potential has the form:
In that case the general form of the first post-Newtonian Lagrangian function is given by [1] :
with an arbitrary Galilei-invariant function Φ. We choose this function in the form which is determined in terms of the nonrelativistic potential u(r): For the system of identical particles the Hamiltonian which follows from the above Lagrangian has the form:
where H (0) is a nonrelativistic Hamiltonian,
and
The canonical variables (x a , p a ) are connected with the Lagrangian (x a , v a ) by the standard Legendre transformation 8) considered to the order c −2 . Inserting Hamiltonian (5.5) into expression (3.3) for the classical partition function and expanding it to the c −2 terms, we get
where Z 0 N is a nonrelativistic partition function
Q being a nonrelativistic configuration integral
The straightforward calculation gives first-order corrections to the nonrelativistic partition function (5.10): 12) where R is defined in terms of the configuration integral (5.11),
In the absence of interaction, when Q = 1, the obtained expression agrees with Eq. (3.13). All thermodynamical properties of the system may be deduced from the free energy: 14) where the corresponding nonrelativistic expression is given by
Eq. (5.14) can be rewritten in the form, which gives a first-order correction in terms of the nonrelativistic free energy: Corrections to other thermodynamical functions and a wider discussion can be found in Ref. [15] .
